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EVERY PLANAR SET HAS A CONFORMALLY
REMOVABLE SUBSET WITH THE SAME
HAUSDORFF DIMENSION
HINDY DRILLICK
Abstract. In this paper we show that given any compact set
E ⊂ Cˆ, we can always find a conformally removable subset with
the same Hausdorff dimension as E.
1. Introduction
We begin with defining conformal removability. Recall that a func-
tion between planar domains is conformal if it is holomorphic and in-
vertible. Let Cˆ denote the Riemann Sphere.
Definition 1.1 (Conformal Removability). A compact set E ⊂ Cˆ is
conformally removable if for all homeomorphisms f : Cˆ → Cˆ, if f is
conformal on Cˆ\E, then f is conformal on Cˆ.
Note that E is removable if and only if all homeomorphisms of Cˆ
that are conformal off of E are actually Mo¨bius transformations since
these are precisely the conformal homeomorphisms of the Riemann
sphere. See [7] for a discussion of notions of removability for other
classes of mappings, including removability for conformal maps that
are not necessarily homeomorphisms of Cˆ.
The simplest example of a conformally removable set is a finite col-
lection of points. Finite collections of points have zero measure, and
in fact all conformally removable sets must have zero measure (see the
remark after Proposition 4.4 in [7]). However, it is possible to construct
conformally removable sets that are large in the sense of Hausdorff di-
mension. Indeed, it is well known that conformally removable sets of
any Hausdorff dimension in the interval [0, 2] exist. We will give an
explicit construction of such sets and use them to prove the following
theorem:
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2 DRILLICK
Theorem 1.2 (Main Theorem). Given an arbitrary compact set E ⊂
Cˆ, there exists a compact set E ′ ⊂ E that is conformally removable
such that dimH E
′ = dimH E.
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2. John Domains
In this section we construct conformally removable Cantor sets of
any desired Hausdorff dimension in the open interval (0, 2). We start
by recalling the definition of a John domain and a theorem by Peter
Jones giving a sufficient condition for conformal removability.
Definition 2.1 (John domain). A domain Ω ⊂ Cˆ is a John domain
with center z0 if there exists ε > 0 such that for all z1 ∈ Ω there exists
a path γ : [0, 1] → Ω with γ(0) = z0 and γ(1) = z1 satisfying the
following: for all t ∈ [0, 1],
(2.1) d(γ(t), ∂Ω) ≥ εd(γ(t), z1),
where d is the chordal distance.
Theorem 2.2 (Jones [5], Corollary 1). The boundary of a John domain
Ω ⊂ Cˆ is conformally removable.
We show that certain self similar Cantor sets in the plane are bound-
aries of John domains and hence are conformally removable. Given
0 < α < 1
2
, let Cα be the following Cantor set. Let A0 = I × I be
the unit square. Given a collection of squares An of side-length α
n,
form An+1 by replacing each square by four congruent subsquares of
side length αn+1 as shown in Figure 1. Define
(2.2) Cα =
∞⋂
n=0
An.
Proposition 2.3. The Hausdorff dimension of Cα is d = − log 4logα . Fur-
thermore,
(2.3) H d(Cα) > 0,
where H d is the d-dimensional Hausdorff measure.
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Figure 1. The first four iterations of the construction of Cα
For a proof see Example 1.2.9 and Lemma 1.2.8 in [2]. Since we can
choose any α ∈ (0, 1
2
), this construction gives us Cantor sets with all
Hausdorff dimensions in the open interval (0, 2), but gives no set with
dimension equal to zero or two.
Proposition 2.4. Ω = Cˆ\Cα is a John domain.
Proof. This follows from Theorem 4.2 in [1]. We also give a brief sketch
of a direct proof here. We can let z0 = ∞. All points z1 outside
the unit square trivially satisfy (2.1). For points z1 inside the unit
square it suffices to construct paths satisfying (2.1) from base-points
on the boundary of a larger square concentric to the unit square, which
can then easily be connected to z0. Note that due to the equivalence
of the chordal and Euclidean metrics in any bounded region, we can
now replace the chordal distances in condition (2.1) with Euclidean
distances.
Let Q ⊂ An be an nth generational square in the construction of
Cα with width α
n. Let γQ be the boundary of the concentric square of
width αn + α
n−1(1−2α)
2
(this extra bit is half of the distance between Q
and its neighboring squares). Let RQ denote the closed region between
γQ and the four curves γPi contained inside Q that correspond to the
four children squares Pi of Q. RQ has the property that any point
inside it has distance comparable to αn from Cα (more explicitly, this
distance is greater than α
n(1−2α)
2
) and can be connected to γQ by a curve
in RQ of length comparable to α
n. Using induction and the geometric
formula, we can connect any point in RQ to a point on γI×I by a path
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satisfying the John condition. Every point in (I × I) \ Cα belongs to
some RQ, so we are done. 
Corollary 2.5. Cα is conformally removable.
Proof. This follows immediately from Theorem 2.2. 
The sets Cα give us conformally removable sets of all Hausdorff di-
mensions in (0, 2). A point is an example of a conformally removable
set with Hausdorff dimension zero. An example of a conformally re-
movable set of Hausdorff dimension two will be given by Theorem 1.2
in the case where dimH E = 2.
3. Dimensions of Intersections
We are interested in proving that every planar compact set E con-
tains a removable subset E ′ of the same Hausdorff dimension as itself.
We have already constructed conformally removable Cantor sets of ar-
bitrary Hausdorff dimensions in (0, 2). To construct E ′ we will position
these sets in such a way that their intersection with E still has large
Hausdorff dimension.
When two manifolds Mk and N l intersect transversally in an n-
dimensional ambient space, we know that their intersection is a sub-
manifold with dimension k + l − n. The following theorem by Mattila
gives an analogous formula for the Hausdorff dimension of the inter-
section of two fractals.
Let A,B ⊂ Rn be Borel sets. We want to know what can be said
about the intersection of A with the images of B under different isome-
tries. More formally, let G be the group of isometries. Every trans-
formation σ ∈ G can be decomposed into a translation followed by an
orthogonal transformation. Let τz denote the translation by z ∈ Rn,
and let g ∈ O(n) be the orthogonal transformation, where O(n) is the
n-dimensional orthogonal group. The space of translations is just Rn
and can be given the standard Lebesgue measure Ln. O(n) is a com-
pact group and we will denote its Haar probability measure by Θn.
Recall that H α denotes the α−dimensional Hausdorff measure.
Theorem 3.1 (Mattila [6], Theorem 7.4). Suppose 0 < s < n, 0 <
t < n, s + t > n and t > (n + 1)/2. If A and B are Borel sets in Rn
with H s(A) > 0 and H t(B) > 0, then for Θn almost all g ∈ O(n),
(3.1) Ln({z ∈ Rn : dimH(A ∩ (τz ◦ g)(B)) ≥ s+ t− n}) > 0.
Remark. An earlier version of this paper used Theorem 8.3 of [4] (8.2 in
earlier editions), which is similar to Theorem 3.1 except that it omits
the hypothesis of positive Hausdorff measure on A and B. However, it
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turns out that this result is incorrect; a counterexample is given in [3],
which also corrects an application of the result to Falconer’s distance
set problem for polygonal norms.
4. Proof of Theorem
The following proposition demonstrates that the property of being
conformally removable is a local one. Given a compact set E, we will
use this proposition to construct the desired subset E ′.
Proposition 4.1 (Younsi [8], Proposition 11). The following are equiv-
alent:
(1) For any open set U with E ⊂ U , every homeomorphism
f : U → f(U) that is conformal on U\E is actually conformal
on the whole open set U .
(2) E is conformally removable.
We are now ready to begin proving our main theorem.
Lemma 4.2. Consider a compact set E ⊂ C with positive Hausdorff
dimension and any positive sequence dn that is strictly increasing to
d = dimH E. Then there exists a sequence of nested and concentric
open squares Sn such that the annuli Rn = Sn \ Sn+1 satisfy
(4.1) H dn(Rn ∩ E) > 0.
Proof. There exists some point p ∈ E such that for all ε,
(4.2) dimH(B(p, ε) ∩ E) = d.
If not, then every point in E would be contained in an open subset of
E with dimension strictly less than d. Since E is compact, we can take
a finite subcover of these sets, and it would follow that the dimension
of E is strictly less than d, which is a contradiction.
Let S1 be any open square centered at p. Suppose we have already
been given an open square Sn centered at p. By the choice of p,
(4.3) dimH(Sn ∩ E) = d > dn.
By Frostman’s lemma (See [6], Theorem 2.7 or [2], Lemma 3.1.1 for the
statement and proof of this lemma), there is a Frostman measure µ with
support in Sn∩E such that µ(B(x, r)) ≤ rdn . Since a Frostman measure
cannot assign positive measure to the single point p, there must exist
some open square Sn+1 ⊂ Sn centered at p such that µ(Sn\Sn+1) > 0.
Then the annulus Rn = Sn\Sn+1 satisfies H dn(Rn ∩ E) > 0. 
For the convenience of the reader, we restate the main theorem,
Theorem 1.2
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Theorem 4.3 (Main Theorem). Given an arbitrary compact set E ⊂
Cˆ, there exists a compact set E ′ ⊂ E that is conformally removable
such that dimH E
′ = dimH E.
Proof. We can assume E ⊂ C since if E is the whole sphere then we
can just replace E by any compact subset lying in C with Hausdorff
dimension 2. Let d = dimH E. If d = 0 then we can choose E
′ to be any
point in E, and we are done since a single point is conformally remov-
able and has Hausdorff dimension zero. Otherwise, choose a positive
sequence dn that is strictly increasing to d, and construct a sequence
of annuli Rn as in Lemma 4.2 with center p ∈ E. Denote the width of
Rn by qn. Our goal is to place a conformally removable Cantor set in
every other annulus so that the copies do not overlap, and so that they
intersect E with increasing dimension. Let bn be a sequence such that
2 − dn < bn < 2, bn > 32 , and such that bn → 2. For each n ∈ N, let
G2n be a conformally removable Cantor set with Hausdorff dimension
b2n as constructed in Section 2, re-scaled so that its diameter is smaller
than the minimum of q2n+1
2
and q2n−1
2
. We have by construction that
(4.4) H d2n(R2n ∩ E) > 0.
We also have that
(4.5) H b2n(G2n) > 0
by Proposition 2.3. Finally, we have that d2n + b2n > 2, and that
b2n >
3
2
. Therefore, by Theorem 3.1, there exists some z ∈ R2 and
some g ∈ O(2) such that
(4.6) dimH(R2n ∩ E ∩ (τz ◦ g)(G2n)) ≥ d2n + b2n − 2.
Denote (τz ◦ g)(G2n) by G′2n (See Figure 2). The set G′2n must overlap
with the annulus R2n, and its diameter is smaller than half the width
of either of the two neighboring odd-numbered annuli. Therefore, it
will not overlap with G′2m for any m 6= n.
Let
(4.7) G =
∞⋃
n=1
G′2n =
∞⋃
n=1
G′2n ∪ {p}.
G is clearly compact. Suppose that we are given a homeomorphism
f : Cˆ → Cˆ that is conformal on Cˆ\G. By construction, we can find
disjoint neighborhoods Un around each G2n. Then f is conformal on
Un\G2n, and it follows from Proposition 4.1 and the fact that G2n is
conformally removable that f is actually conformal on Un. Therefore,
we have shown that f is in fact conformal everywhere on G with the
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p
E
Figure 2. Annuli centered at p ∈ E with the sets G′2n
placed in every other annulus and overlapping E
possible exception of the point p. But a single point is conformally
removable, and therefore G is conformally removable.
Let E ′ = G ∩ E. It follows directly from the definition of confor-
mal removability that a compact subset of a conformally removable
set is also conformally removable. Therefore, E ′ ⊂ G is conformally
removable. It follows from (4.6) that
(4.8) dimH E
′ ≥ d2n + b2n − 2
for all n. Since
(4.9) lim
n→∞
d2n + b2n − 2 = d = dimH E,
we have
(4.10) dimH E
′ ≥ dimH E.
Since E ′ ⊂ E, we conclude that dimH E ′ = dimH E as desired. 
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